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0.0 Linear Equations

Example：A fundamental problem that surfaces in all mathematical sciences is that of

analyzing and solving m algebraic equations in n unknowns. The study of a
system of simultaneous linear equations is in a natural and indivisible alliance
with the study of the rectangular array of numbers defined by the coefficients of
t h e e q u a t i o n s . T h i s l i n k s e e m s t o h a v e b e e n m a d e a t t h e o u t s e t .
The ear l ies t recorded ana lys i s o f s imul ta neous equat ions i s found in the
ancient Chinese book Chiu-chang Suan-shu (Nine Chapters on Arithmetic), estimated
t o h a ve b e e n w r i t t e n s o m e t i m e a r o u n d 2 0 0 B . C . I n t h e b e g i n n i n g o f
C h a p t e r V I I I , t h e r e a p p e a r s a p r o b l e m o f t h e f o l l o w i n g f o r m .

Three sheafs of a good crop, two sheafs of a mediocre crop, and 
one sheaf of a bad crop are sold for 39 dou. Two sheafs of good, 
three mediocre, and one bad are sold for 34 dou; and one good, 
two mediocre, and three bad are sold for 26 dou. What is the 
price received for each sheaf of a good crop, each sheaf of a 
mediocre crop, and each sheaf of a bad crop?



0.0 Linear Equations

How to solve this problem?



0.0 Linear Equations

Problem: to calculate, if possible, a common solution for a 

system of m linear algebraic equations in n unknowns。
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Let Ek denote the kth equation in the bove system:

1 1 2 2:     ( 1,2 )k k k kn n kE a x a x a x b k m     ，



Three Possibilities：

• UNIQUE SOLUTION: There is one and only one set of values for the xi’s 

that satisfies all equations simultaneously.

• NO SOLUTION: There is no set of values for the xi’s that satisfies all 

equations simultaneously—the solution set is empty.

• INFINITELY MANY SOLUTIONS: There are infinitely many different sets of 

values for the xi’s that satisfy all equations simultaneously. It is not difficult to 

prove that if a system has more than one solution, then it has infinitely many 

solutions. For example, it is impossible for a system to have exactly two 

different solutions.



Example: To solve the following equation system:

At each step of solution, the strategy is to focus on one position, called the pivot 

position, and to eliminate all terms below this position using the three elementary 

operations. The coefficient in the pivot position is called a pivotal element (or simply a 

pivot), while the equation in which the pivot lies is referred to as the pivotal equation. 

Only nonzero numbers are allowed to be pivots. If a coefficient in a pivot position is ever 

0, then the pivotal equation is interchanged with an equation below the pivotal equation 

to produce a nonzero pivot. (This is always possible for square systems possessing a 

unique solution.) Unless it is 0, the first coefficient of the first equation is taken as the 

first pivot. For example, the circled 2 in the system below is the pivot for the first step:
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Matrix expression form



Matrix expression form









0.1 Vector spaces
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0.1 Vector spaces

Example 1.1



0.1 Vector spaces

Example 1.2



0.1 Vector spaces

Example 1.3



0.1 Vector spaces

Example 1.4



0.1 Vector spaces



0.1 Vector spaces - Subspaces



0.1 Vector spaces



0.1 Vector spaces



0.1 Vector spaces



0.1 Vector spaces
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0.2 Matrices



0.2 Matrices

Rank-nullity-Theorem

for                   . The null space of A is a set of vectors in       whose entries 
satisfy m homogeneous linear equations. That is,

or

dim( ) dim( ) rankrange A nullspace A A nullity A n   

,
( )

m n
A M F

n
F

0Ax 
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... 0 ...
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0.2 Matrices

0.2.4 Matrix operations

Addition: A + B

Multiplication: AB(defined only when A ∈
Mm,n(F) and B ∈ Mn,q (F).)

Note: It is associative, but not always commutative.



0.2 Matrices

0.2.5 The transpose, conjugate transpose, 
and trace

Transpose AT , of course, (AT)T = A. 

Conjugate transpose 

(adjoint / Hermitian adjoint)

Trace

( )
T

A A
 

2

,

,

| |
i j

i j

trAA trA A a
  

  
11

···
qq

trA a a  



0.2 Matrices

Symmetric: AT = A,

Skew symmetric: AT = −A

Orthogonal: ATA = I ; 

Hermitian: A∗ = A, 

Skew Hermitian: A∗ = −A



0.2 Matrices

Essentially Hermitian:

if exp(iθ)A is Hermitian for some θ ∈ R

Unitary: A∗ A = I

Normal: A∗ A = AA∗



0.2 Matrices

0.2.6 Metamechanics of matrix 
multiplication



0.3 Determinants
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0.3 Determinants

Row Echelon Form 

for Matrix



Find the Value of a Determinants

Special form of determinant
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Find the Value of a Determinants

Special form of determinant
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Geometry of Determinants

The prior section develops the determinant algebraically, by 
considering what formulas satisfy certain properties. This 
section complements that with a geometric approach. One 
advantage of this approach is that, while we have so far only 
considered whether or not a determinant is zero, here we 
shall give a meaning to the value of that determinant. (The 
prior section handles determinants as functions of the rows, 
but in this section columns are more convenient. The final 
result of the prior section says that we can make the switch.)



Determinants as Size Functions



Geometry of Determinants
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Geometry of Determinants



0.3 Determinants



0.4 Rank
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0.4 Rank



0.5 Nonsingularity



Equivalent formula for a given A ∈Mn(F):
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Properties of norm:

(1) 0 

(2) ,k k k C  

(4) ( , )   

if and only if                 when  0 0 

(3)      
2
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   

   

 



   

  

  

  

 

:

2
Proof - ( - , - )

( , ) ( , ) ( , ) ( , )

( , )
Take then...

( , )

k k k
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k

     

       

 

 

 

   



：0

，
Cauchy-Schwarz不等式

Triangular 

Inequality



Let ( ) be the space of all the matrices with

order . Prove that for , ( )

n n

n n

M C

m n A B M C



  

( ) ( ) ( )H H HTr AB Tr AA Tr BB

Let [ , ] be the space of all the functions on the 

interval [ , ]. Prove that for ( ), ( ) [ , ]

C a b

a b f x g x C a b 

2 2
( ) ( ) ( ) ( ) ( )

b b b

a a a
f x g x d x f x dx f x dx  

Example 2.

Example 1.



0.6 The Euclidean inner product and norm



0.6 The Euclidean inner product and norm



0.6 The Euclidean inner product and norm



0.7 Partitioned sets and matrices



0.7*** Partitioned sets and matrices



0.8*** Determinants again

（Skip）
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The End of Chapter 0


